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New Modal Synthesis Technique Using Mixed Modes
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A new modal synthesis technique using mixed modes is introduced. The method not only has a simple form, high
precision, and efficiency, but it also provides two reliable criteria for determining the truncation frequency of system
synthesis modes. These have been demonstrated in detail by the numerical examples. The key point of the method
is as follows. The exact residual modes containing the effects of higher-order, free-interface modes are expressed
analytically in terms of some lower-order, fixed-interface modes, and then the substructural displacements are
expressed accurately in terms of some lower-order, mixed modes, i.e., the linear combinations of the lower-order,
fixed-interface modes and lower-order, free-interface modes, instead of the assumed substructural displacements
employed in general modal synthesis, so that only linear synthesis equations are involved in this new method,
although the contributions of all higher-order modes are included.

Nomenclature
f = frequency
f = force vector
H = number of higher-order modes
1 = identity matrix
j = number of interface degrees of freedom (DOF)
K.k, K. k = stiffness matrices
L = number of lower-order modes
L¢ = number of lower-order fixed-interfacial modes
Lg = number of lower-order free-free interfacial modes
Ly = transformation matrix in Eq. (18)
M,m,M,m =mass matrices
N,N = condensation transformation matrix
0.0 = general coordinate
q,4 = modal coordinate
R = number of rigid-body modes
R(w?) = dynamic flexibility
T. = constraint mode matrices
X = displacement vector
A = eigenvalue matrix
A = eigenvalue
o, = modal matrix
v = residual modes
¥ = term for residual modes
15} = angular frequency
Subscripts
B,b = fixed interface
c0 = static constraint modes
E, e = free interface
h = higher-ordermodes
i = internal DOF
J = boundary DOF
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/ = lower-order modes

n = substructure

R =rigid-body DOF

o, B = adjacent substructure

I. Introduction

UBSTRUCTURE modal synthesis (SMS) is a kind of mod-

eling technique. Using this technique, the degree of freedom
(DOF) of a complex structure can be reduced through modal trans-
formation. The SMS techniquehas been widely applied to structural
dynamic analysis and has proved to be quite useful in solving large,
complex structuraldynamic problems, especially for structures con-
sisting of several distinct substructures. Therefore, it has been used
extensively in the aerospace and automotive industries.

It is demonstrated that substructure synthesis and all of its vari-
ants are essentially different forms of the Rayleigh-Ritz method.
The variants give different eigenvalue problems depending on the
trial functionsused. Three classes of trial functions are of specialin-
terest, i.e., 1) eigenfunctionssatisfying both the eigenvalue equation
and all of the boundary conditions, 2) comparison functions satis-
fying all of the boundary conditions, and 3) admissible functions
satisfying only the geometric boundary conditions. Meirovitch and
Kwak! demonstrated that the ordinarily used classical Rayleigh-
Ritz method has an implicit shortcoming, which can impair its con-
vergence characteristics.If the eigenvalue problem is formulated as
a variational problem, using the Rayleigh-Ritz method, a sequence
of approximate solutions can be constructed in the space of admis-
sible functions. These admissible functions can be expressed in the
form of a series of trial functions, and the accuracy of the sequence
of approximationsis improved by increasing the number of terms in
this series. The trial functions in a given series are generally taken
as members of the same family of functions, but unfortunately, in
many cases, solutions obtained by choosing admissible functions of
the same type in this way are characterized by poor convergence.
The cause can be traced to the fact that the natural boundary condi-
tions are often very difficult to satisfy when using a relatively small
number of admissible functions. The fact that the Rayleigh-Ritz
theory guaranteesconvergenceis valid provided that the admissible
functions are from a complete set. This is small comfort in compu-
tational work, in which the objectiveis to obtain good accuracy with
as few terms as possible. To overcome this predicament, Meirovitch
and Kwak! proposed that the approximating sequence could be con-
structedin the space of quasicomparisonfunctionsinstead of merely
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from the space of admissible functions. The quasicomparisonfunc-
tions are defined as linear combinations of admissible functions,
which play the role of comparison functions. The general idea is
to select admissible functions that can provide the possibility of
satisfying the natural boundary conditions. This requires that the
solution be constructed from several different types of admissible
functions.Itis this variety of admissible functionsthat permits accu-
rate satisfaction of the natural boundary conditions with a relatively
small number of terms, and this is impossible by using admissi-
ble functions of a single type. As a result, eigensolutions obtained
through the use of assumed modes of quasicomparison functions
exhibit superior convergence characteristics.

Clearly, arelatively small set of well-assumed modes will quickly
produce satisfactory results. However, poorly assumed modes may
lead to the ill conditioning of the resulting eigenequation and may
even lose some important eigenvalues. In particular, it is more dif-
ficult to assume good modes for large and complex systems, so that
undesirable results will more likely occur.

To solve this problem, some new modal synthesis techniques
using the assumed modes directly according to the Ritz procedure
were introduced,butthe accuracy of systemsynthesisresultsof these
techniquesis not high enough. There are different assumed modes,
i.e., substructure displacement representation, which is introduced
by means of different mechanical analysis processes.

In this paper, using an analytical method, the substructural dis-
placementsare accurately expressedin terms of lower mixed modes,
i.e., linear combinations of the lower fixed-interfacial modes and
the lower free-interfacialmodes. This leads to a new modal synthe-
sis technique using mixed substructural modes. This new method
is a combination of the fixed-interfacial method, free-interfacial
method, and the assumed modes method of using quasicompari-
son functions. The key point to realize this scheme is that by an-
alytical means the exact residual modes, which contain the effects
of higher free-interface modes, are expressed accurately in terms of
some lower fixed-interfacemodes and the accurate substructuraldis-
placementsare also expressedin terms of some lower mixed modes.
It can be proved that the truncation frequency f, of the substruc-
tural fixed modes and the truncation frequency fzy of the substruc-
tural free-interfacial modes are two reliable criteria of truncation
frequency of the system synthesis modes; these criteria indicate the
accuracy and reliability of the synthesized results. Therefore, they
are very importantand usefulin practicalengineeringand have great
theoretical significance.

II. Background

The equation of motion of each undamped substructure may be
expressed as

mX +kX = f 1)

where f; = 0 is the force corresponding to interior DOF for the
eigenvalue problem; m and k are the mass and stiffness matrices,
respectively; and X and f denote the displacement vector and the
force vector, respectively.

This equation can be partitioned into those associated with inter-
nal DOF i and boundary DOF j:

mi; m;; Xt ki ki | | X 0
.ot = 2)
mji mj; | (X; kji ki1 \X; 0y
where the subscriptsi and j indicatethe internal and boundary DOF,
respectively.

A. Exact Displacement Vector of Substructure with Free Interfaces

According to the exact free-interface modal synthesis technique
proposed by Qiu and Tan? and Ying et al.,? the exact expression for
the substructure displacements X can be obtained analytically from
Eq. (1) as

X=(k-mo?) ' f=0p(Ag — 0)215)71(13210 =Xgr +Xg

+ Xen = Perqer + Peiqer + Penqen = Peqe (3)

where

Xer = ©rrqcr, X = Priqe, Xen = Oeiqen

9 =qer qm  qenl, grr = —0 Ix@prf

—1
qeL = (AEL - CUZIE/) (DELf 4)

-1
qen = (AEh - wZIEh) (Dghf
Oy =[Opr DPp Dl

Itis obviousthat the complete set @ ¢ of free-interface modes is the
complete set of substructuredisplacements. Hou* first proposed the
classical free-interface method for modal synthesis; in this method
the higher-order modes @ g;, are completely ignored from the ex-
act expression of the substructure displacements X in Eq. (3). The
transformation from physical coordinates to modal coordinates can
be performed by substituting Eq. (3) into Eq. (1) and premultiplying
the obtained equation by @ ¢. Hence, the equation of motion of the
substructure in modal coordinates is

P 0 0 "‘ {mm 0 0 "‘ der

0 AEL 0 - 0)2 0 IEL 0 qEi

LO 0 AEhJ L 0 0 IEhJ 9En
Oy f;

— 1ol f, )

T
q)Ehjfj

where mgr = <D£Rm<DER.
Combining Eq. (4) with the third-row equation in Eq. (5) gives
the exact higher-mode response X g, as

Xgn = Qg (AEh - a)ZIEh)q)ghjfj = ijj (6)
and the substructure displacement X is obtained as
X=@prqer + Prqe + "ijj =d.q, @)
where

©, =[Oz Pr ¥l qg.=1l9cr g [l ®
It also leads to a nonlinear synthesis equation. The exact residual
mode ¥; contains the effects of higher modes, and it is expressed
in three parts as follows:

"Pj =@, (AEh - 0)215/1)(132;,, = "le + a)z"lez

+ o'W =¥ + o' C))
where

_ ) _ —1gT
"sz = "le +w "lez, lel - (DEhAEh(DEhj

(10)
"Iljlz = "P,,lm‘{’jl, Tj3 = ‘.IlhmTjIZ

The first-order approximation ¥;; is MacNeal’s approximation?
The second-order approximation ¥}, is Rubin’s approximation?
as used by Craig and Chang’ and Wang et al.* The third part ¥} is
the exact residual term of Rubin’s approximation.

Thus, Refs. 2-8 form a systematic logical progress of the sub-
structure modal synthesis method.

B. Exact Displacement Vector of Fixed Interface Substructure
According to the exact fixed interface modal synthesis technique
proposed by Qiu et al.,” from the upper half of Eq. (2),
-1
X,' = _(k,',' —a)zm,-,-) (kll —a)zm,J)Xj

—k 'k X+ 0Dy (A, — ') @I m® X,
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where

to 1
®0 =1, fo = —k;; 'k an
The exact expression for the substructure displacements X can be
obtained analytically as

i

x=|%]ox, +x, +x, =04 = ||+ []x (12)
= Xj = App bl 0 =Pcqe = 0 I j

where

Xon = @pnqon, Xy = @piqus X = (DCOXj

Xpi = Puiiqor + Coniqons D, =[Dy, Dy Dol
(13)

9on = a)z(Ab - wzlb)q)zhmq)t‘OXj

a.=la, a4 X1
qp = 0)2 ([\;7 - a)zlb)fbflm(bfoXj

Equation (12) means that the complete set of substructure dis-
placements X is equivalentto the complete set @, of fixed-interface
normalmodes plus the static constraintmodes @ .o. Whenthehigher-
order modes @, are neglected completely, the exact substructure
displacementin Eq. (12) becomes the substructuredisplacement X
obtained using Craig and Bampton’s fixed interface method'® as

X = Quqy + PoX; (14)

III. Mixed Substructural Modes

A. Relationship Between Rigid-Body Modes and Static
Constraint Modes

The interface constrained force f; corresponding to the static
constraint modes @,y can be expressed as

Seoj =kjj —kjik;;'k;; (15)
so that
k®y = [ 0 } (16)
S oo

For any substructure with fixed interfaces, the number of inter-
face DOF j cannot be less than the number of rigid-body DOF
R of the substructure with its interfaces free. There are statically
determinate constrained modes @ ., and statically indeterminate
(redundant) constrained modes ®@.... Let

chj = [fch fa‘j] (17)

The interface force fp; of the static determinate constrained modes
must satisfy the following static equilibrium equations of order R:

Q(‘0 = [Q(‘R Q(‘L‘]a

fchLR =0 (18)
There must exist an R X j matrix Lz and a j X j matrix L;
Ly
L;= [ 0 ] (19

The f,; on the right-hand side of Eq. (16) must satisfy the equilib-
rium equations, which are also of order R:

I P PN T
chj T fch f(‘L‘j T fchLR B

Substituting Eq. (16) into Eq. (20) gives

0
|:f i|Lj :kq)foLj :kq)ERZO (21)

c0j

where

L
DPpr =P L; = [Pr D] |: ORj| = @ Lg (22)

Equation (21) shows that by definition ® ;; must be rigid-body
modes. Hence, it can be seen from Eq. (22) that the rigid-body
modes @ ¢ can be represented as a linear combination of the static
determinate constrained modes. From Eq. (22),

_ _ -1
DO = Derqcr, qcr = Lz (LRL1TQ) (23)

Substituting Eqs. (23) and (17) into Eq. (14) gives another form of
the substructure displacement X as

X = ®uqy +Prrqer + DX, der = qcrX; (24)

Equation (24) was first proposed by Hurty'!; it contains three types
of substructure modes, namely, lower normal modes @, for a fixed-
interface, rigid-bodymodes @ ¢, and redundantconstrained modes
®@.... This method was later modified by Craig and Bampton,'® who
used only the constrained modes and the lower-ordernormal modes
with fixed interface in their formulation (14). Equation (24) indi-
cates that Craig-Bampton’s substructuredisplacements(14) is com-
pletely equivalent to Hurty’s substructure displacement (24). Actu-
ally, Craig-Bampton’s method and Hurty’s method are the same, and
they are herein called the CBH method. For a boundary with many
redundant DOF, it is not entirely clear which DOF should be treated
as statically determinate and which as redundant. Craig-Bampton’s
method does not require the engineer to make such distinctions,and
this is the advantage of their method.

If the rigid-body DOF R does not equal zero, the interfacial
DOF j equalstherigid-body DOF R, and the redundantDOF equals
zero, then Eq. (24) can be rewritten as

X = ®yuqy + Prrger (25)

B. Expressions of Fixed-Interfacial Modes in Terms of Lower
Free-Interfacial Modes and Exact Residual Modes

Substituting Eq. (22) into Eq. (3), by using the analytical method,
the substructural fixed-interfacialmodes can be represented exactly
by means of the free-interfacial modes. In fact, only lower free-
interfacial modes can be obtained from modal analysis or modal
test. Therefore, it is desirable that the exact residual modes be rep-
resented by means of lower fixed-interfacial modes. For this pur-
pose, substituting Eq. (22) into Eq. (7), the following equation with
a system synthesis frequency w* can be obtained:

to D g Y, (%)
X=[,}X,~+[ . }qgﬁ[ “ }f, 26)

where

Dpe = Qg — 0Py, "ch(w*z) =¥, (w*) — tco"ij(w*z)
(27)

Xj =L;qer + (DEquEl + "ij(w*z)fi

From Egs. (12) and (26), the interior displacement of the fixed-
interfacial substructurecan be expressedin terms of @ g, which are
the lower modes of the free-interface substructure, and ¥ je (™),
which are the exact residual modes with a system synthesis fre-
quency w*:

Xy = PpieqeL + Vi (@) f; = @p(0)gs (28)

D7) =[@p Vi)  a=lah 7] 9

The eigenvalue equation associated with Eq. (28) is
(ky — w’mp)qp =0 (30)
where
kg = QZ(w*z)kifQB(w*z), mp = <I>£(w*2)mu<l>3(w*2)

(30a)

Substitutingthe eigenvaluematrix A  and eigenvectormatrix g g,
of Eq. (30) into Eq. (28), the kth mode of Eq. (30) can be obtained
as

Dy = Dpieqee + Tjt‘(w*z)fjck’
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Then, the lower fixed-interfacial modes can be expressed as
Oy = Cpreqra + Fje (@) f (32)
where

fjcl = [fj(‘l fch fch] (33)

C. Expressions of Substructural Displacement in Terms
of Lower Mixed Modes

For any substructure, the lower modes are usually obtained more
easily than the higher modes, either from tests or from numeri-
cal analysis, so that it is easier to find the lower fixed-interfacial
modes @, than to find the higher free-interfacialmodes @ g;,. Then,
Eq. (32) can be rewritten as

ch(w*z)fjg[ =@ — Ppieqra (34)

Assuming that the number L. of the lower fixed-interfacial modes
®,;; is equal to or larger than the interfacial DOF j and (fjf,f;‘,)*1
exists, the least square approximation ¥, can be obtained from
Eq. (34) as

Y = @i — pieqr) ST (Fraf ) (35)

The approximation‘i’j(‘ may be usedinstead of "I’jf (0*?), which are
the exact residual modes. Substituting Eq. (35) into Eq. (26) gives

Lo D Dy D
x=|lx, - ‘
|:I] i+ [ 0 }qm + [ 0 i|qb [ 0 }qaqu

=@y g0 + Pyqy, + Priqe (36)

where
-1
qOZXj_(DEIqua qb:f,Tf(ijf,TC) fj
(37)
de = 4eL —9ecadp

The substructural displacement X is accurately expressed in terms
of some lower mixed modes, i.e., the linear combinations of the
static constraint modes @, the lower fixed-interface modes ®,,,
and the lower free-interface modes @ ;.

InEq. (36) there aretwo finite series of modes, so thatthere are two
important parameters: one is the truncation frequency fry (fenv =
Apn/2m) of lower free-interfacial modes @ ;, and the other is the
truncationfrequency f,y (foy = Apn/27) of lower fixed-interfacial
modes @,,.

Itis obvious that the truncationfrequency f , is a reliable crite-
rion for the accuracy of expressions of substructural displacement,
i.e.,whenfrequency f (f = w/2m)islowerthan f,,thesubstruc-
tural displacement X can be represented accurately by Eq. (36), and
the accuracy of expressions of substructural displacementis higher
than the one for frequency f higherthan fy.

The key point of using Eq. (36) to obtain substructural displace-
ment is that by analyticalmeans the term ¥} (w*?) of exactresidual
modes, which contains the effects of the higherfree-interfacemodes,
can be expressed in terms of some lower fixed-interface modes by
means of the accurate expressions in Eq. (35). It follows that there
is another reliable criterion for the accuracy of expressions of sub-
structural displacement, i.e., when L, < j, the term ¥;.(w*?) of
the exact residual modes can be represented accurately by Eq. (35)
using the lower fixed-interfacial modes @,,;, and the substructural
displacement X can be represented accurately by Eq. (36).

Substituting Egs. (17) and (23) into Eq. (36), the substructural
displacement can be represented accurately by means of mixed
substructural modes, i.e., the linear combinations of the lower free-
interfacial modes ® gz and ® g, the redundant constrained modes
@, and the lower fixed-interfacial modes ®,,, that is,

X =®prqr +Pccqoc + Puige + Priqe (38)

_ qor
qr = 4crqoR> qo = { } (39)
qoc

When the lower free-interface modes @z, completely vanish,
Eq. (36) becomes Craig and Bampton’s'? substructuredisplacement
(14) and Eq. (38) becomes Hurty’s!! substructuredisplacement(24).
Hence, Craig-Bampton’s method and Hurty’s method are equivalent
to the proposed method for some special cases. When the redundant
constrained modes ®.. and the lower fixed-interfacial modes @,
completely vanish, Eq. (38) becomes Hou’s* expression for sub-
structural displacement. Hence, Hou’s method is another special
case of the proposed method.

Iftherigid-body DOF R is notequalto zero, the interfacial DOF j
equalsthe rigid-body DOF R; meanwhile the redundantconstrained
modes @, vanish, and the substructural displacementcan be repre-
sented accurately by means of mixed substructural modes, i.e., the
linear combinations of the lower free-interfacial modes ® g and
® ;; and the lower fixed-interfacialmodes @, that is,

X =0®prqr +Puqy, + Priqr (40)

IV. Mixed Modal Synthesis Method
A. Substructure Modal Coordinate Transformation
Based on Eq. (36), the displacement of the substructure can be
represented approximatelyusing mixed modes, i.e., the linear com-
bination of the lower free-interfacial modes @ g;, static constrained
modes @, and fixed-interfacialmodes ®,,;, as

X =dq 41
where
T
©=[D, Py Dy, q=][q) q¢. q!] (42)

Taking Eq. (41) as the Ritz assumption of displacement X, Eq.
(1) becomes the substructure dynamic equation

(kn - a)zmn)q = fn (43)
where
"ko ke 0 "‘ [my  myg mof‘
ky=\keo Ag kg !, m, =\mgy Iz mg
0 kg Au Lmw mpp Iy
(44)
Dipif
fn = lejfj
0
my = (Dzom(boo, I, = (I)Z,m(bm, Ip = (DE,m(DE,
ko = O kD, Ay = O kDy, Ag = 0L kD

kgb = kZO = (Dzok(bbz = 0, my, = mZO = d)fom(l)b, (45)

— T _— T _ T _ T
kOE = kEO = (ngk(bEl, myg = mg, = (I)(‘Om(DE,

megy :kZE :d)g,m(bb,, kEb :kZE = (D;/k(bm
B. Mixed Modal Synthesis Technique

For simplicity, only adjacent substructures « and § are taken to
describe the mixed modal synthesis technique. It is not difficult to
extend the procedure to the case with more than two substructures.
Using Eq. (43) for both substructures and putting them together
yields

kna 0 2 |:mnoz 0 i|> {qa} _ {fnoz} 46
<|: 0 knﬁi| ¢ 0 myg qds B fnﬁ ( )

Based on the compatibility relations, the interface displacement
X, = X5, one obtains

oo = N1Q 47
Then, execute the condensation transformation
qsp = NQ (48)
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where
_T.T T _ 1.7 T T T T 17
9o = lar a5] =90, 4% @ 9 95 i)
(49)
T
Q=47 4. 4y 95 i)

N,
N = - N =[-®gje 0 Iz ®gjz 0] (50

After using the condensation transformation Eq. (48), Eq. (46)
becomes the modal synthesis equation

(K —o*M)Q =0 51

where

T kna 0 T m,, 0
K=N 0 k N, M=N 0 m N (52
np np

It is obvious that Eq. (51) is a linear eigenvalue equation, which
can be solved easily.

If the number of interface DOF j equals the number of rigid-body
DOF R, based on Eq. (39), using the mixed modes @z;, @, and
®,,, the substructural displacement can be expressed as

X=0g (53)
where

T

— - T
Q =[Pz Dy Dy, qg=[qk ¢ qi] (54)

Taking the displacement Eq. (53) as the Ritz assumption instead
of Eq. (41) and proceeding analogously to the derivations of
Eqgs. (42-50) gives Egs. (55-57) as follows.

The substructure dynamic equation is

(ky — w’im,)q = f, (55)

and the modal synthesis equation for the system structure is
- S\ = - T
(K-’M)0 =0,  0=[d;, €. i 95 D] ©6)

Using Egs. (44) and (45) and k® ;. = 0, one can obtain

1 0 m
B 0 0 . R 'Zle
kn = 0 KE[; ) m, = _0 {El megp
myr myp Iy

ol f. _
| Sl A
fn = QE]JfJ ’ KEb = 1.
0 ke Ay

1, _,T _ T ~ =T __ T _
kEb—kbE—(DE]k(Dbla mRE—mER—(DERm(DE,—O

~ — T T ~ — T T
mpy, =my, = Op,m®,y;, mg, =m,; = ©;,m®y (57)

- KEba 0 0
T Ko 0 o
K=N N = 0o 0 o

0 0 Ky

y ST rhna 0 < — AR = I_Vl
M=N _|IN, g=0N; N=
0
m,,ﬁ 1

IV1=<D;L,(X[—<DEU(X 0 (DERjﬁ (DEljﬁ 0]

Letthe truncationfrequencies f¢y and f,y for every substructurebe
the same and fry > f,n; there are two reliable criteria for trunca-
tion frequency of the system synthesis modes: one is the truncation
frequency fgy forlower free-interfacialmodes @ g, and the other is
the truncation frequency f,y for lower fixed-interfacialmodes @,.

When L, > j,andfrequency f islessthanthe truncationfrequen-
cies fpy and fgy, the term of residual modes can be represented
accurately by Eq. (35), and the substructural displacement X can
be represented accurately by Eq. (36). Therefore, the accuracy for
system synthesis frequencies f, which is less than the truncation
frequency f,y, is very high. When the synthesis frequency f is
higher than the truncation frequency fj,y and less than the trunca-
tion frequency fry, the accuracy of synthesis frequency f is also
good.

These two criteria indicate the accuracy and reliability of system
synthesis results, which are very important and useful in practi-
cal engineering. Now, according to the requirement of accuracy on
system synthesis results of interest, the truncation frequency of the
system synthesis modes could be determined, and then the trunca-
tion frequency fry of free-interfacialmodes @ g; and the truncation
frequency f,y of fixed-interfacialmodes @, for every substructure
could also be determined. The two truncation frequencies f,y and
fEen of substructural modes provide accurate expressions of sub-
structural displacement X with a relatively small number of mixed
modes, and only linear synthesis equation (56) is involved in this
proposed method. Hence, by using this proposed method the syn-
thesis procedure is very easy and the calculation is very simple, so
that the present method not only has simple form and high precision
but also possesses high efficiency and reliability.

V. Numerical Example

A. Examplel

A launch vehicle is simplified into a free-free beam and a fixed-
free beam (Fig. 1) for the vehicle material Young’s modulus E =2 x
10° Pa, the mass density p =4 x 10’ kg/m’, the sectionalmoment of
inertial =2x107% m*, andthe cross-sectionalarea A = 1x 107> m?2.

To illustrate the efficiency of the proposed method without go-
ing into computational complications, this vehicle is modeled as a
uniform spatial cylindrical beam. There is the problem of repeated
eigenmodes in the spatial cylindrical beam; in Tables 1-4, each fre-
quency represents a pair of repeated frequencies. The calculated
results based on the finite element method (FEM) without any re-
duction are used as the reference standard solutions for illustrating
the computational accuracy of the proposed method.

The whole free-free beam with length L =1.0 m was divided
into two substructures with equal length / =0.5 m (Fig. 1). Each

Table 1 Synthesis frequencies of free-free beam using proposed
method, where w (1/s) = 2xtf

CBH Cl‘dlg Mixed Standard
i f,Hz Error,% f,Hz Error,% f,Hz Eror,% f,Hz
1,2 0 0 0 0
3 11.2321 0.0000 11.2322 0.0009 11.2321 0.0000 11.2321
4 30.8708 0.0000 30.8706 0.0006 30.8707 0.0002 30.8708
5 60.3041 0.0237 60.2957 0.0098 60.2897 0.0002 60.2898
6% 99.2070 0.0102 99.2104 0.0136 99.1978 0.0009 99.1969
7 147.588 0.1475 148.380 0.6847 147.394 0.0153 147.371
8 204.754 0.0991 218.934 7.0315 206.011 0.7137 204.551
9 272.038 0.5861 286.194 5.8203 270.453

2Truncation frequency of synthesis modes (maximum error for the mixed method is
less than 0.001%).

| L=1.0m |
Whole beam

L=0.5m L=0.5m

HEBEECEEEE

1]2]3] 4] 5] 6 7/3]9]10|

HBEEEREDER

Sub.1 Sub.2

[t2]s]]sle]7Is]oq

Fig. 1 Mixed modal synthesis for a beam with two substructures of
equal length.
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Table 2 Synthesis frequencies of free-free beam using proposed
method, where w (1/s) = 2xtf

CBH Cl‘dlg Mixed Standard
i f,Hz Error,% f,Hz Error,% f,Hz Error,% f,Hz
1,2 0 0 0 0
3 11.2321 0.0000 11.2322 0.0009 11.2321 0.0000 11.2321
4 30.8707 0.0002 30.8706 0.0006 30.8707 0.0002 30.8708
5 60.2921 0.0039 60.2902 0.0007 60.2896 0.0003 60.2898
6 99.1976 0.0212 99.1968 0.0001 99.1965 0.0004 99.1969
7 147.408 0.0252 147.429 0.0394 147.370 0.0004 147.371
8% 204.571 0.0096 204.625 0.0362 204.551 0.0001 204.551
9 270.691 0.0878 273.037 0.9554 270.482 0.0107 270.453
10 344954 0.0499 375.516 8.9140 346.865 0.6042 344.782
11 428.259 0.2390 499.562 5.2252 427.238

aTruncation frequency of synthesis modes (maximum error for the mixed method is
less than 0.001%).

Table 3 Synthesis frequencies of free-free beam
using proposed method, where w (1/s) = 2xf

Mixed Standard
i f,Hz Error, % f,Hz
1,2 0 0
3 11.2321 0.0002 11.2321
48 30.8707 0.0002 30.8708
5 60.2896 0.0003 60.2898
6 99.1972 0.0003 99.1969
7 147.382 0.0075 147.371
v 204.607 0.0276 204.551
9 271.253 0.2958 270.453
10 367.590 6.6153 344,782

aTruncation frequency of synthesis modes (maximum error
for the mixed method is less than 0.0003%).

bTruncation frequency of synthesis modes (maximum error
for the mixed method is less than 0.03%).

Table 4 Synthesis frequencies of free-free beam
using proposed method, where w (1/s) = 2xf

Mixed Standard
i f,Hz Error, % f,Hz
1,2 0 0
3 11.2321 0.0002 11.2321
48 30.8707 0.0002 30.8708
5 60.2896 0.0003 60.2898
6 99.1967 0.0002 99.1969
7 147.372 0.0005 147.371
8 204.554 0.0016 204.551
9 270.494 0.0150 270.453
10° 344.924 0.0412 344,782
11 428.827 0.3725 427.238
12 555.739 7.3831 517.529

4Truncation frequency of synthesis modes (maximum error
for the mixed method is less than 0.0003%).

bTruncation frequency of synthesis modes (maximum error
for the mixed method is less than 0.042%).

substructure was dividedinto 10 elements of equal length. FEM was
used to calculate the mixed modes of the substructures,i.e., R rigid-
body modes; the first L g, and L g, lowest free-freeinterfacialmodes
for the two substructures,respectively;the first L., lowest free-fixed
(with the left-end free) interfacial modes for substructure 1; and the
first L, lowest fixed-free (with the right-end free) for substruc-
ture 2.

Table 1 shows the truncation frequency of substructure modes
fen=fon=123Hz (L, =Lg,=2,L, =L.,=3), and Table 2
shows the truncation frequency of substructure modes fry =
fon =23THz (L, =Ly, =3,L. =L, =4). Tables 1 and 2 give
the comparison of the frequencies of the free-free beam among the
proposed mixed method (Mixed), CBH method'":!' (CBH), Craig
method’ (Craig), and the reference standard solution (Standard).

There is a reliable criterion for truncation frequency of system syn-
thesis modes. When the system synthesis frequency f is lower than
the truncationfrequency fry = fn, the maximum erroris less than
0.001%, and when system synthesis frequency f is higher than the
truncation frequency fzy = f,n, the errorincreases quickly as syn-
thesis frequency f increases.

Table 3 is for truncation frequency of substructure modes
fEN =235 Hz and be =44 Hz (LEI = LEZ = 3, L(‘l = L(‘z :2),
and Table 4 is for truncation frequency fry =381 Hz and f,y =
44 Hz (Lg; =Lgy =4, L., = L., =2) of substructure modes. Ta-
bles 3 and 4 give the comparison of the synthesis frequencies of
the free-free beam between the proposed mixed method and the
reference standard solution. There are two reliable criteria for trun-
cation frequency of system synthesis modes. When the synthesis
frequency f is lower than the truncation frequency f,y, the max-
imum error is less than 0.0003%; when the synthesis frequency
f is higher than the truncation frequency f,y5 but lower than the
truncation frequency fzy, the maximum error is less than 0.05%;
when the synthesis frequency f is higher than the truncation fre-
quency fgy,theerrorincreasesquickly as synthesisfrequency f in-
creases.

B. Example2

Considerlateral vibrationof a rectangularplate with two opposite
sides clamped and the other two oppositesides free (Fig. 2). For this
plate, length 2a =4 m, width 2b =1 m, and thickness 7 = 0.04 m.
For the material of the plate, Young’s modulus E =200 x 10° Pa,
Poisson’s ratio v = 0.3, and mass density p = 7.8 x 10° kg/m>. The
calculated results based on FEM without reduction are used as the
reference standard solutions for illustrating the computational ac-
curacy of the proposed method.

The whole plate is divided into two substructures with length
a =2 m and width 2b = 1 m (Fig. 2). Each substructure was divided
into 4 x 2 equal rectangular plate elements. FEM was used to cal-
culate the mixed modes of the substructures; they are the first L,
and L., lowest fixed-fixed-interfacial modes for the two substruc-
tures; the first Lz, lowest fixed-free- (with the right-hand side free)
interfacial modes for substructure 1, and the first Lz, lowest free-
fixed- (with the left-hand side free) interfacial modes for substruc-
ture 2.

Table 5 is for truncation frequency of substructure modes
Sen=Sfin=299 Hz (Lypy=Lg=9,L,=L,=06). It gives a
comparison of the synthesis frequencies of the rectangular plate
with two opposite sides clamped and the other two opposite sides
free among the proposed mixed method (Mixed), CBH method'®-!!
(CBH), and the reference standard solution (Standard). Table 5
shows that there is a reliable criterion for truncation frequency of
system synthesis modes. When the system synthesisfrequency f is
lower than the truncation frequency fey = fon =299 Hz, the max-
imum error is less than 0.005%.

2a=4m

/ /

2b=Im

Whole plate

a=2m a=2m

Sub.1 Sub.2

Fig. 2 Mixed modal synthesis for a plate with two substructures of
equal length.
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Table 5 Synthesis frequencies of fixed-fixed plate using
proposed method, where w (1/s) = 2xf

CBH Mixed

Standard
i f.Hz Error, % f,Hz Error, % f.Hz
1 13.436 0.000 13.436 0.000 13.436
2 36.306 0.003 36.305 0.000 36.305
3 37911 0.003 37.910 0.000 37.910
4 71.961 0.003 71.959 0.000 71.959
5 79.201 0.000 79.201 0.000 79.201
6 117.18 0.009 117.17 0.000 117.17
7 128.80 0.016 128.78 0.000 128.78
8 170.79 0.018 170.76 0.000 170.76
9 187.66 0.011 187.64 0.000 187.64
10 229.01 0.052 228.90 0.004 228.89
11 231.67 0.035 231.60 0.004 231.59
12 252.12 0.024 252.07 0.004 252.06
13 262.05 0.015 262.02 0.004 262.01
142 298.09 0.034 298.00 0.003 297.99

ATruncation frequency of synthesis modes (maximum error for the mixed
method is less than 0.005%).

VI. Conclusions

The accurate expression of substructural displacementsis given
based on the mixed substructural modes, i.e., a mixed use of some
prefound lower modes of the substructures with interfaces fixed or
free. Such mixed modes are used instead of the quasicomparison
functionsbefore the Ritz procedureis executed. This leads to a new
modal synthesis technique using mixed modes. This new method
is a combination of the fixed-interfacial method, the free-interfacial
method, and the assumed modes method using quasicomparison
functions. The key pointto realize this schemeis that the exactresid-
ual modes, which contain the effects of the higher free-interface
modes, are expressed analytically in terms of some lower fixed-
interface modes by means of the accurate expression, and the accu-
rate substructural displacements are also expressed analytically in
terms of some lower mixed modes. Ithas been provedthatthe trunca-
tionfrequency f,y of the substructuralfixed-interfacemodes and the
truncated frequency fzy of the substructural free-interface modes
are the two reliable criteria for truncation frequency of the system
synthesismodes. These criteriaindicate the accuracy and reliability
of the synthesized results, and they are very important and useful in
practical engineering and have great theoretical significance.

For both exact free-interfaceand exact fixed-interfacemodal syn-
thesis techniques, nonlinear synthesis formulas are derived based
only on lower modes involved in the synthesis process. Such

nonlinear equations are then solved iteratively, and considerable
computer time may be spent if the required accuracy is high. How-
ever, the method proposedneeds only to solve linear synthesisequa-
tions, although the contributions of all higher modes have been in-
cluded. As aresult, the present method not only has a simple form,
high precision, and efficiency but also provides two reliable criteria
of truncation frequency of system synthesis modes; this has been
demonstrated in detail by the numerical examples.
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